We present a rigorous study of the short maturity asymptotics for Asian options with continuous-time averaging, under the assumption that the underlying asset follows a local volatility model. The asymptotics for out-of-the-money, in-the-money, and at-the-money cases are derived, considering both fixed strike and floating strike Asian options. The asymptotics for the out-of-the-money case involves a non-trivial variational problem which is solved completely. We present an analytical approximation for Asian options prices, and demonstrate good numerical agreement of the asymptotic results with the results of Monte Carlo simulations and benchmark test cases in the Black-Scholes model for option parameters relevant in practical applications.
Introduction
Asymptotics of the option prices, and implied volatility for short maturity European options have been extensively studied in the literature, see e.g. [4, 29, 30, 19, 8] for the local volatility models, [22, 46, 3, 18, 43] for the exponential Lévy models and [5, 36, 25, 20, 21, 23, 1] for the stochastic volatility models and [28, 40] for model-free approaches. To the best of our knowledge, the short maturity Asian options have been much less studied. Unlike the European options, the Asian options do not have a simple closed-form formula even in the Black-Scholes model. That is why in financial industry, the Asian options are quoted by price rather than implied volatility. In this paper, we study the short maturity asymptotics for the price of the Asian options under the assumption that the underlying asset price follows a local volatility model. We obtain analytical results for the short maturity asymptotics of Asian options in the local volatility model, and more explicit results in the case of the Black-Scholes model. We define and study the implied volatility of an Asian option in the short maturity limit.
Let us assume that the stock price follows a local volatility model:
where W t is a standard Brownian motion, r ≥ 0 is the risk-free rate, q ≥ 0 is the continuous dividend yield, σ(·) is the local volatility and the log-stock price process X t = log S t satisfies dX t = r − q − 1 2 σ 2 (e Xt ) dt + σ(e Xt )dW t .
We assume that the local volatility function σ(·) satisfies 0 < σ ≤ σ(·) ≤ σ < ∞, (2) |σ(e x ) − σ(e y )| ≤ M |x − y| α ,
for some fixed M, α > 0 for any x, y and 0 < σ < σ < ∞ are some fixed constants.
The price of the Asian call and put options with maturity T and strike K are given by
where C(T ) and P (T ) emphasize the dependence on the maturity T . When S 0 < K, the call option is out-of-the money and C(T ) → 0 as T → 0 and when S 0 > K, the put option is out-of-the money and P (T ) → 0 as T → 0. When S 0 = K, i.e. at-the-money, both C(T ) and P (T ) tend to zero as T → 0. We are interested to study the first-order approximations of the call and put prices as T → 0. It turns out that the asymptotics for out-of-the-money case are governed by the rare events (large deviations) and the asymptotics for at-the-money case are governed by the fluctuations about the typical events (Gaussian fluctuations).
There are numerous works in the mathematical finance literature studying the pricing of Asian options. The pricing under the Black-Scholes model has been studied in [31, 7, 14, 39] , using a relation between the distributional property of the time-integral of the geometric Brownian motion and Bessel processes. See [16] for an overview, and [27] for a comparison with alternative simulation methods, including the Monte Carlo approach. A popular method, which has the advantage of wider applicability to other models, is the PDE approach [37, 42, 49, 50] . The resulting PDE can be solved either numerically [49, 50] , or can be used to derive analytical approximation formulae using asymptotic expansion methods. Such results have been obtained in [26] in the local volatility model, and in [11] in the CEV model. The paper [26] used heat kernel expansion methods and developed approximate formulae expressed in terms of elementary functions for the density, the price and the Greeks of path dependent options of Asian style. Asymptotic expansion leading to analytical approximations with error bounds for Asian options have been obtained also using Malliavin calculus in [45, 32] .
Most of the literature on Asian options in the Black-Scholes model, i.e., σ(·) ≡ σ, [31, 7, 39] exploits the well-known result [16, 13] that the integral of the geometric Brownian motion T 0 e (r−q− 1 2 σ 2 )t+σWt dt has the same distribution as X t , where
where B t is a standard Brownian motion. The price of the Asian call and put options can thus be computed as For the readers who are familiar with the large deviations for small time diffusion processes, one may naïvely believe that the small time asymptotics of X T as T → 0 is comparable with the SDE without the drift term, i.e., dX t = σX t dB t and hence the asymptotics for the short maturity Asian options for the Black-Scholes model are the same as for their European counterpart. We will show in this paper that this is indeed not the case. Intuitively, whenX t starts at zero at time zero thenX t remains zero for any time t. Even though X t also starts at zero at time zero, it is kicked to a positive value immediately after the time zero. In that respect, the two processes are not absolutely continuous with respect to each other. Therefore, one cannot use the Girsanov theorem to kill the drift term and claim that X t process has the same small time asymptotics as a geometric Brownian motion. Also, the formulas (6), (7) are valid only for the Black-Scholes model, and this approach does not shed much insight into the more general local volatility case.
In this paper, we will use large deviations theory for small time diffusion processes. The key observation is that one can apply the contraction principle to get the corresponding large deviations for the small time arithmetic average of the diffusion process, and hence obtain rigorously the asymptotic behavior for the out-of-the-money Asian call and put options. The asymptotic exponent is given as the rate function from the large deviation principle, which itself is a complicated and not-so-obvious variational problem. We will manage to solve this variational problem completely and give a semi-analytical solution in the end. The asymptotics for in-the-money case follows easily by the put-call parity. We will also obtain the asymptotics for at-the-money short maturity Asian options. Unlike the out-of-the-money case, the asymptotics for at-the-money short maturity has Gaussian fluctuations.
Most of the existing methods for pricing Asian options are numerically less efficient in the limit of small maturities and small volatilities. For the case of the Asian options under the Black-Scholes model this has been noted in the Geman-Yor method [31, 7] , where the inversion of a Laplace transform requires special care for small maturities [44, 27, 14] . A similar issue appears in the spectral method [39] . This issue is not present in methods based on asymptotic expansions [26] which perform well under small maturities and volatility conditions. The small time expansion presented in this paper is of practical interest as it complements some of the alternative approaches in a region where their numerical performance is less efficient.
The paper is organized as follows. In Section 2, we present asymptotics for out-of-themoney (OTM), in-the-money (ITM) and at-the-money (ATM) Asian options in a local volatility model for short maturities. The asymptotics for OTM Asian options involve a not-so-trivial variational problem, whose solution will be given in Section 3, which has a more explicit expression in the case of Black-Scholes models. The implied volatility and numerical tests will be discussed in Section 4. The asymptotics for short maturity floating strike Asian options will be provided in Section 5. Finally, the proofs will be given in Section 6.
Asymptotics for Short Maturity Asian Options
Let us recall that the stock price follows a local volatility model:
where W t is a standard Brownian motion, r ≥ 0 is the risk-free rate, q ≥ 0 is the continuous dividend yield, σ(·) is the local volatility satisfying (2) and (3) . We are interested in the short maturity limits, i.e., the asymptotics as T → 0.
2.1.
Out-of-the-Money and In-the-Money Asian Options. We denote the expectation of the averaged asset price in the risk-neutral measure as
for r − q = 0 and A(T ) := S 0 for r − q = 0, When K > A(T ), the call Asian option is out-of-the-money and C(T ) → 0 as T → 0. When A(T ) > K, the put Asian option is out-of-the-money and P (T ) → 0 as T → 0.
Remark 1. The prices of call and put Asian options are related by put-call parity as
Notice that as T → 0, A(T ) = S 0 + O(T ). Therefore, for the small maturity regime, the call Asian option is out-of-the-money if and only if K > S 0 etc. And for the rest of the paper, the call Asian option is said to be out-of-the-money (resp. in-the-money) if K > S 0 (resp. K < S 0 ), and the put Asian option is said to be out-of-the-money (resp. in-the-money) if K < S 0 (resp. K > S 0 ), and finally they are said to be at-the-money if K = S 0 .
2.2.
Short maturity out-of-the-money Asian options. We will use large deviations theory to compute the leading order approximation at T → 0 for the price of the out-ofthe-money Asian options.
Theorem 2. Assume that (2) and (3) both hold.
(i) For out-of-the-money call Asian options, i.e., K > S 0 ,
(ii) For out-of-the-money put Asian options, i.e., K < S 0 ,
where for any S 0 , K > 0,
where AC[0, 1] is the space of absolutely continuous functions on [0, 1].
The variational problem in (13) will be solved completely in Proposition 8.
Remark 3. The small maturity asymptotics given by Theorem 2 and the rate function I(K, S 0 ) are independent of the interest rate r and dividend yield q. These quantities contribute only to subleading order in the T → 0 expansion. This is analogous to the wellknown BBF result for the small maturity European options in the local volatility model [4] , which is also independent of r, q.
Remark 4. For at-the-money case, i.e. K = S 0 , by letting g(t) ≡ 0 in (13), we see that I(K, S 0 ) = 0. Indeed, Theorem 6 will give more precise asymptotics for at-the-money short maturity Asian options.
The asymptotics for short-maturity in-the-money Asian call and put options can be obtained as a corollary of the results for out-of-the-money case in Theorem 2 by a simple application of the put-call parity.
Corollary 5. Assume that (2) and (3) both hold.
(i) For in-the-money call Asian options, i.e., K < S 0 ,
(ii) For in-the-money put Asian options, i.e., K > S 0 ,
2.3.
At-the-Money Asian Options. When K = S 0 , the Asian call and put options are at-the-money. We have the following result:
Theorem 6. Assume that the function σ(s)s and σ(s) are uniformly Lipschitz, i.e., there exist α, β > 0, such that for any x, y ≥ 0,
(ii) When K = S 0 , as T → 0,
Remark 7. Comparing Theorem 6 with Theorem 2, we see that the asymptotics for out-ofthe-money short maturity Asian options are governed by the rare events (large deviations), while the asymptotics for at-the-money short maturity Asian options are governed by the fluctuations about the typical events (Gaussian fluctuations).
Variational Problem for Short-Maturity Asymptotics for Asian Options
We present in this section the solution of the variational problem for the short-time asymptotics of the out-of-the-money Asian options given by Theorem 2. The solution is given by the following result. Proposition 8. The rate function I(K, S 0 ) appearing in Theorem 2 is given by
The two cases are as follows:
(ii) K ≥ S 0 . f 1 ≥ 0 is given by the solution of the equation
We would like to further study the properties of the rate function I(K, S 0 ). In particular, we will show that for a general local volatility model, the rate function I(K, S 0 ) is continuous in K and it is increasing in K for K > S 0 and decreasing in K for K < S 0 . This is based on an alternative representation of the rate function.
Proposition 9. (i) For K > S 0 the rate function I(K, S 0 ) is given by
where we denoted
(ii) for K < S 0 the rate function I(K, S 0 ) is given by
Remark 10. In the formulation in Proposition 9, we can see that the rate functions given in (26) and (28) are indeed continuous in the parameter K.
Using the result of Proposition 9 we can also prove that:
Proposition 11. The rate function I(K, S 0 ) is a monotonically increasing function of K for K > S 0 and monotonically decreasing function of K for K < S 0 .
3.1. Black-Scholes Model. In the Black-Scholes model the volatility is constant σ(S) = σ. The expression for the rate function I(K, S 0 ) simplifies and is given by the following result.
Proposition 12. The rate function for small maturity asymptotics for Asian options in the Black-Scholes model is where J BS (K/S 0 ) depends only on the ratio K/S 0 and is given by
For K ≥ S 0 , β is the solution of the equation
and for K ≤ S 0 , ξ is the solution in the interval [0, π 2 ] of the equation
We note that the two equations (32) and (33) can be written in a common form as 1 z sin z = K/S 0 by denoting z = 2ξ = iβ. With this notation, the rate function is
We computed the function J BS (K/S 0 ) numerically, and the plot of this function is shown in Figure 2 .
We would like to find the series expansion of the Black-Scholes rate function J BS (K/S 0 ) around the ATM point K/S 0 = 1. The solutions of the equations for β, ξ can be found by inverting the series in k := K S 0 − 1 for (32) and (33) . Substituting into (31) we find the expansion of the rate function
A similar expansion can be derived in powers of the log-strike x := log(K/S 0 )
. Figure 2 (right plot) shows the approximations for the rate function J BS (K/S 0 ) obtained by keeping the first few terms in the series expansion (35) . Keeping the first four terms in the expansion (35) matches the exact result for the rate function to an accuracy better than 1.2% for x = log(K/S 0 ) ∈ (−1.6, 1.5). Next we consider the large/small-strike asymptotics of the rate function J BS (K/S 0 ). This is given by the following result.
Proposition 13. We have
3.2.
General local volatility model. The rate function I(K, S 0 ) for the general local volatility function σ(S) is given by Proposition 8. We give next an explicit result for the first three terms in the series expansion of I(K, S 0 ) in powers of log-strike x = log(K/S 0 ). Proposition 14. The first three terms in the series expansion of the rate function I(K, S 0 ) given by Proposition 8 in powers of log-strike x = log(K/S 0 ) are
The coefficients b i depend on the local volatility function σ(S), and are given by
which is the inversion of the power series for the function
where we assumed that the local volatility function σ(S) is sufficiently regular such that all the required derivatives exist and are finite. In particular the expansion (37) requires that σ(S) is twice differentiable.
Remark 15. For the Black-Scholes model we have σ(S) = σ which gives Z(y) = 1 σ y and thus Y (z) = σz. This gives b 1 = σ and b j = 0 for j > 1. This recovers the expansion of the rate function in the Black-Scholes model given in equation (35) .
Corollary 16. Assume that σ(·) is twice differentiable. The expansion (37) of the rate function I(K, S 0 ) for Asian options in the local volatility model (1) with local volatility function σ(S) is given in a more explicit form as
This is obtained by noting that the coefficients a i can be obtained by taking derivatives with respect to y of (39) at y = 0. We get
Inverting the Taylor series (39) we find the coefficients b i :
Substituting into (37) we obtain the result (40) for the rate function of the Asian option in the LV model to order O(x 3 ), expressed only in terms of the ATM local volatility and its derivatives.
Implied Volatility and Numerical Tests
Implied volatility for European options was extensively studied in the mathematical finance literature. Due to the lack of a simple closed-form formula as in the Black-Scholes model for European options, the implied volatility for Asian options was much less studied. Our work on the short maturity asymptotics for the price of the Asian options for local volatility models can shed some light on the short maturity implied volatility for the Asian options.
4.1. Implied Volatility. The implied volatility σ implied is defined as the constant volatility which must be used in the Black-Scholes model for the Asian option such that its price matches that of the Asian option in the local volatility model. That is, we must have
where S t satisfies the dynamics (1) with the local volatility σ(·) and
The fact that the implied volatility for an Asian option is well defined is not a trivial fact. It follows from the fact that the Vega of an Asian option in the Black-Scholes model is always positive, which was proved in Carr et al. [6] , and hence, if one considers its price as a function of the volatility, the inverse of this function exists. As the volatility parameter σ is increased from zero to infinity, the price of an out-ofthe-money Asian option goes from
T T 0 S 0 e (r−q)t dt is less trivial and we will give a rigorous proof of this statement in Proposition 32 in the Appendix.
¿From Theorem 2 for out-of-the-money Asian options, we can obtain the short-maturity limit of the implied volatility σ implied . For simplicity, we only give a proof for the case r = q = 0. We expect the same result holds for general r, q.
Proposition 17. Assume r = q = 0 and (2) and (3) hold.
(i) The T → 0 limit of the implied volatility of out-of-the-money Asian options in the local volatility model (1) is given by
where I(K, S 0 ) is given in Proposition 8 and J BS (K/S 0 ) is given in Proposition 12.
(ii) Under the same assumptions on σ(·) as in Theorem 6, the T → 0 limit of the implied volatility of at-the-money Asian options in the local volatility model (1) is given by
Equivalent Black-Scholes and Bachelier
Volatility of Asian Options. One can define an equivalent Black-Scholes volatility of an Asian option, as that value of the volatility for which the Black-Scholes price of an European (vanilla) option with maturity T and underlying value A(T ) reproduces the price of the Asian option with the same maturity T . We will denote this volatility as Σ LN (K, S 0 , T ). We have thus
where A(T ) is given in (9) and
We remark that this is a natural definition since A(T ) is the forward price of the underlying of the Asian option E[ 1 T T 0 S t dt]. Using (50) ensures that put-call parity for Asian options (10) holds; this would not hold for example if one used S 0 instead of A(T ). The relation (50) also reproduces correctly the price of an Asian call option with zero strike K = 0:
. A similar equivalent normal volatility Σ N (K, S 0 , T ) of an Asian option can be defined in terms of the Bachelier option pricing formula.
The equivalent log-normal volatility Σ LN defined as in (50) exists for any Asian call option price C(K, S 0 , T ) satisfying the bounds (A(T ) − K) + ≤ e rT C(K, S 0 , T ) ≤ A(T ) [43] . These bounds are indeed satisfied for Asian options under the local volatility model (1) . The lower bound is satisfied by the convexity of the payoff (x − K) + , and the upper bound follows from (
Although Asian options are quoted in practice by price, and not implied volatility, such equivalent volatilities are a convenient representation of the short maturity asymptotics of the Asian option prices. Also, they give a natural formulation for the small-maturity asymptotics of the Asian options in Proposition 8, which is equivalent to a small-maturity limit for these volatilities. This result is somewhat similar to the representation of the small maturity asymptotics for European options in the local volatility model in terms of the BBF formula for the implied volatility [4] .
The short maturity asymptotics for out-of-the-money Asian options given in Theorem 2 gives the following short-time asymptotics for the equivalent volatilities of the Asian options in the local volatility model (1) . For simplicity, we only prove the r = q = 0 case. We expect the same result holds for general r, q.
Proposition 18. Assume r = q = 0 and (2) and (3) hold.
(i) The short-time limit T → 0 of the Black-Scholes equivalent volatility of an out-ofthe-money Asian option is given by
and the corresponding result for the Bachelier equivalent volatility is
where I(K, S 0 ) is given in Proposition 8.
(ii) Under assumptions of Theorem 6 on σ(·), the short-time limit T → 0 of the Black-Scholes equivalent volatility of an at-the-money Asian option is given by
In the Black-Scholes model we can get explicit results for the equivalent volatilities, using the result for the rate function J BS (K/S 0 ) derived in Proposition 12. Denote the corresponding equivalent volatilities Σ 
and in powers of k = K/S 0 − 1, respectively
Using the equation (40) we can derive similar results for a more general local volatility function σ(S). From the first three terms in the Taylor expansion of the rate function in powers of log-strike we can get explicit results for the ATM equivalent volatility, the skew and smile convexity at the ATM point. We use Σ LN(N) (K, S 0 ) to denote lim T →0 Σ LN(N) (K, S 0 , T ).
Proposition 19. Assume σ(·) is twice differentiable. The small maturity limit T → 0 of the log-normal equivalent volatility for an Asian option in the local volatility model (1) has the expansion in x = log(K/S 0 ) around the ATM point
The corresponding expansion for the normal equivalent volatility of an Asian option has the expansion in k = K S 0 − 1 around the ATM point
The result of Proposition 19 is similar to the expansion of the implied volatility obtained in an uncorrelated local-stochastic volatility model [24] for the implied volatility of vanilla European options, see Theorem 4.1 in [24] , giving the level, slope and convexity of the small-time implied volatility. Indeed, this result allows pricing Asian options directly from the observable European volatility skew, assuming local volatility dynamics, but without assuming a particular form of the local volatility function! Combining the result of Proposition 19 and the well-known result for the ATM skew of European options in the local volatility model, see e.g. [24] , we have: Remark 20. In the short maturity limit,
where the slope is with respect to the log-moneyness.
Numerical Tests.
We present in this section a few numerical tests of the shortmaturity asymptotic results for Asian options obtained in this paper. For ATM Asian options we have the result of Theorem 6 which can be used directly to obtain a price. For out-of-the-money Asian options, we have the asymptotic results of Theorem 2. In practice, we find that it is convenient to use this result to obtain the short-maturity equivalent log-normal volatility of an Asian option Σ LN (K, S 0 ) (or normal volatility Σ N (K, S 0 )), as given in Proposition 18. Table 1 . Numerical results for call (upper) and put (lower) Asian options with maturity T = 0.5, 1, 2 years and parameters (61) obtained by MC simulation in the BS model (1 stdev in brackets), compared against the asymptotic results C as (K), P as (K) given by (50) . The last column gives the asymptotic equivalent log-normal volatility of the Asian option Σ The equivalent log-normal volatility Σ LN given by Proposition 18 can be used in the Black-Scholes pricing formula as in (50) to compute Asian option prices. Although this approach introduces subleading terms in the option price which are not constrained by the asymptotic result of Theorem 2, we will demonstrate that it gives predictions that are in good agreement with the numerical simulations of the Asian option prices.
We consider next a few numerical tests of the asymptotic pricing formulas, on the example of the Asian options in the Black-Scholes model. One first test assumes the model parameters
In Table 1 we show the prices of out-of-the-money call and put Asian options with maturities T = 0.5, 1, 2 years, comparing the results of a Monte Carlo calculation against the asymptotic results C as and P as given in (50) . The Monte Carlo simulation was performed with N = 10 6 paths, and the time line was discretized with n = 800 time steps. We note very good agreement of the short-maturity asymptotic results with the results of the Monte Carlo calculation. The asymptotic results are always within one standard deviation (68% CL) of the MC result for T = 0.5, 1, and within two standard deviations (95% CL) for T = 2.
We also compare with the benchmark scenarios proposed in [27] and which were commonly used in the literature on pricing Asian options [11, 14, 39, 26, 50] . We show in Table 2 . Numerical results for Asian call options in the Black-Scholes model under the benchmark scenarios considered in [27, 39] . The last 4 columns show: a) the results from the asymptotic expansion (50) of this paper (PZ), b) the 3rd order approximation proposed in Foschi et al. [26] (FPP3), c) Levy approximation [38] , d) precise evaluation using the spectral expansion in [39] . Table 2 numerical results for the asymptotic approximation for the Asian options obtained from (50), for the scenarios proposed in [27] . They are compared against the very precise results of [39] obtained using a spectral expansion, and against the simple Levy approximation [38] . The asymptotic result performs in all cases better than the Levy approximation, and the agreement with the results of [39] is better than 0.7% in all cases. The numerical tests presented show that the short-maturity asymptotic results of this paper can be used as a good approximation for Asian options prices with maturities relevant for practical applications.
Asymptotics for Floating Strike Asian Options
There are many variations of the standard Asian options in the finance literature and one of the most used is the so-called floating strike Asian options. The price of the floating strike Asian call/put options are given by
where κ > 0 is the strike, see e.g. [38, 41, 2, 9, 42, 35] . The floating-strike Asian option is more difficult to price than the fixed-strike case because the joint law of S T and 1 T T 0 S t dt is needed, and also the one dimensional PDE that the floating-strike Asian price satisfies after a change of numéraire is difficult to solve numerically as the Dirac delta function appears as a coefficient, see e.g. [42, 2] .
When κ < 1, the call option is OTM, the put option is ITM; when κ > 1, the call option is ITM, the put option is OTM; when κ = 1, the call/put options are ATM. We are interested in the short maturity, i.e. T → 0 asymptotics of these options.
For the Black-Scholes model, it was shown by Henderson and Wojakowski [35] that the floating-strike Asian options with continuous time averaging can be related to fixed strike ones as
The expectations on the right-hand side are taken with respect to a different measure Q * , where the asset price S t is given by the process
t a standard Brownian motion in the Q * measure. However, in our general setting of local volatility models, the equivalence relations (64) do not hold, and hence the asymptotics for floating strike Asian options must be obtained independently from that of the fixed strike Asian options. But it is not difficult to observe that the same techniques, i.e. large deviations, calculus of variation, Gaussian approximations, which were used to obtain the short-maturity asymptotics for the fixed strike Asian options, can be applied with little modification for the floating strike ones. For the sake of simplicity, we will only provide a sketch of the proofs in the Appendix. 
(ii) Under the same assumptions as in Theorem 2, when κ > 1,
as T → 0, where I f is defined in (68).
(iii) Under the same assumptions as in Theorem 6, when κ = 1,
For a general local volatility function σ(S), the rate function I f (κ, S 0 ) is given by the following result:
Proposition 22. The solution of the variational problem in Proposition 21 for the short maturity asymptotics of floating strike Asian options is given by
given by the solution of the differential equation
and boundary conditions
.
We briefly outline in the following a possible numerical method for solving this calculus problem and finding the rate function I f (κ, S 0 ) for a given local volatility function σ(S). This can be reduced to solving a non-linear equation for the variable λ. For a given value of λ, one can solve numerically the Euler-Lagrange equation (73) with the boundary conditions (75), and find the (non-optimal) function f (t). Using this function we can compute the integral I s [f ], and evaluate the expression for λ in (74). Requiring that the result for λ following from (74) is the same as the input value determines the value of this variable, and thus the optimal function f (t). This equation for λ can be solved by scanning over λ.
For the limiting case of the Black-Scholes model σ(S) = σ, the rate function I f (κ, S 0 ) can be found exactly, and is related to the Black-Scholes rate function J BS (K/S 0 ) given in Proposition 12.
Proposition 23. In the Black-Scholes model, the rate function of the floating strike Asian option is given by
where J BS (κ) is the rate function for fixed strike Asian options in the Black-Scholes model given in (31) .
Remark 24. Note that for the Black-Scholes model, I f (κ, S 0 ) is independent of S 0 and hence we use the notation I f (κ) in (76).
Remark 25. The relation (76) is consistent with the equivalence relations (64). As noted above, the short maturity asymptotics of the Asian options is independent of the interest rate r and dividend yield q such that in this limit the expectations in the relation (64) are taken in the same measure. This implies that in the short maturity limit, fixed and floating strike Asian options are equal to each other, up to the substitution K/S 0 → κ.
It is instructive to compare this explicit solution in the Black-Scholes model with the result of Proposition 22. For the case of constant volatility function σ(S) = σ, the relation (74) simplifies as
is the solution of the equivalent variational problem in (76). This agrees with the solution for the Lagrange multiplier λ for the auxiliary variational problem (76), which is given in (235). The value λ BS (κ) (with σ = σ(S 0 )) can be used as a starting point for scanning over the values of λ in the numerical solution of the variational problem for the general local volatility model. 6. Appendix 6.1. Large Deviation Principle and Contraction Principle. We start by giving a formal definition of the large deviation principle. We refer to Dembo and Zeitouni [12] or Varadhan [48] for general background of large deviations and the applications.
Definition 26 (Large Deviation Principle). A sequence (P ) ∈R + of probability measures on a topological space X satisfies the large deviation principle with rate function I : X → R if I is non-negative, lower semicontinuous and for any measurable set A, we have
Here, A o is the interior of A and A is its closure.
The contraction principle plays a key role in our proofs. For the convenience of the readers, we state the result as follows:
Theorem 27 (Contraction Principle, e.g. Theorem 4.2.1. [12] ). If P satisfies a large deviation principle on X with rate function I(x) and F : X → Y is a continuous map, then the probability measures Q := P F −1 satisfies a large deviation principle on Y with rate function T log C(T ) = lim
By Hölder's inequality, for any 1 p + 1 p = 1, p, p > 1,
Let us assume that p ≥ 2. Note that for p ≥ 2, x → x p is a convex function for x ≥ 0 and by Jensen's inequality, ( x+y 2 ) p ≤ x p +y p 2 for any x, y ≥ 0. Therefore
By Jensen's inequality again,
By Itô's formula,
Taking expectations of the both sides of the equation (85),
is the solution to the ODE:
which has the solution m(t) = S p 0 e (p(r−q)+ 1 2 p(p−1)σ 2 )t . Hence,
Therefore, by equations (83), (84), (88), we have
Since it holds for any 2 > p > 1, we have the upper bound. For any > 0,
which implies that
Since it holds for any > 0, we get the lower bound. So the problem boils down to compute the limit
Let X t := log S t . This is equivalent to computing the limit
where by Itô's lemma,
¿From the large deviations theory for small time diffusions, it was first proved in Varadhan [47] that under the assumptions (2), (3), P(X ·T ∈ ·) satisfies a sample path large deviation principle on L ∞ [0, 1] with the rate function (95)
with g(0) = log S 0 and g ∈ AC[0, 1], the space of absolutely continuous functions and I(g) = +∞ otherwise.
Note that the map g → 1 0 e g(x) dx from L ∞ [0, 1] to R + is a continuous map. Therefore, by contraction principle (Theorem 27), P( 1 0 e X tT dt ∈ ·) satisfies a large deviation principle with the rate function
Hence, for out-of-the money call options, i.e. S 0 < K,
where the last step is due to the fact that I(K, S 0 ) is increasing in K for K > S 0 , see Proposition 11.
(ii) We conclude by proving the analogous relation to (80) for Asian put options, that is, for out-of-the-money put options, S 0 > K, we will show that
Thus, lim sup T →0 T log P (T ) ≤ − 1 p I(K, S 0 ). Since it holds for any p > 1, we proved the upper bound.
For the lower bound, for any sufficiently small > 0,
which implies that lim inf T →0 T log P (T ) ≥ −I(K − , S 0 ). By letting ↓ 0, and the fact that the rate function I(K, S 0 ) is continuous in K, see Proposition 9 and Remark 10, we proved the lower bound.
Proof of Corollary 5. (i) From the put-call parity,
as T → 0. Therefore, for in-the-money call option, i.e. S 0 > K, from Theorem 2, we get
For in-the-money put option, i.e. S 0 < K, from (i) and Theorem 2, we get P (T ) = K − S 0 + 1 2 (r + q)S 0 T − KrT + O(T 2 ) as T → 0. Proof of Theorem 6. (i) For at-the-money call option,
where X t := St e (r−q)t is a martingale and satisfies the SDE:
with X 0 = S 0 . Claim 1. As T → 0,
Let us prove (104).
Hence, we proved (104). Next, let us defineX t , which satisfies the SDE:
Let us prove (107). Note that
By Itô's isometry and the uniform Lipschitz assumption,
Since X t − X 0 is a martingale starting at 0, by the Burkholder-Davis-Gundy inequality, we get
s ds is the quadratic variation of X t . Using the Cauchy-Schwarz inequality, we get
for any x, y ≥ 0) and X 0 = S 0 , we get, for any sufficiently small t, say t ≤ 1,
Gronwall's inequality states that if β(·) is non-negative and for any t ≥ 0, u(t) ≤ α(t) + Therefore, by Gronwall's inequality we have for any sufficiently small t,
Hence, there exists a constant γ > 0 so that
for any sufficiently small t > 0. Plugging into (109), we get
By Gronwall's inequality, we have
Hence, we conclude that there exists some universal constant M > 0, so that for any sufficiently small T > 0,
Finally notice that X t −X t is a martingale since both X t andX t are. By Doob's martingale inequality, for sufficiently small T > 0,
Hence, we proved (107). Claim 3. For T → 0,
Let us prove (117).
Therefore, (117) follows from (107). Claim 4.
where Z ∼ N (0, 1). Let us prove (119). Note thatX t = S 0 + σ(S 0 )S 0 W t . Hence,
Hence, we proved (119). Indeed, we can compute that
Finally, putting (104), (107), (117), (119), and (121) together, we proved the desired result.
(ii) For at-the-money put option, the proof is similar to (i) and is omitted. with boundary condition f (0) = 0. First we recall a well-known result in the calculus of variations, see Sec. IV.5 in [10] , stated in a form which is representative for the variational problems encountered in this paper.
Lemma 28. Consider the variational problem of finding the extremum of the functional
where Σ(x), V (x) are C 1 functions, over the set of functions x(t) satisfying the constraint
The optimal function x(t) satisfies the Euler-Lagrange equation
with boundary condition (126) at t = 0 and the transversality condition
Proof. Define x (t) as a perturbation around the optimal function x(t)
where η(t) ∈ C 1 is a function which vanishes at t = 0 but is unconstrained at t = T (130) η(0) = 0 .
A necessary condition that Λ[x] has an extremum on x(t) is that we have
for any η(t) satisfying the constraint (130). In the second equality we integrated by parts in the first term. At optimality the functional derivative d d Λ[x ] must vanish for any η(t) satisfying the constraint η(0) = 0. This requires that the two terms vanish separately for any η(t). The vanishing of the first term gives the Euler-Lagrange equation (127), and the vanishing of the second term gives the transversality condition (128).
Application of this result to the variational problem (124) gives that the optimal function f satisfies the Euler-Lagrange equation
= λe f (t) σ(S 0 e f (t) ) , and the transversality condition
It is known [10] that one can relax the conditions Σ(x), V (x) ∈ C 1 to allow functions which are piecewise continuous. This is made explicit by writing the Euler-Lagrange equation (132) in an alternative form as given by Lemma 29. Note that the derivative Σ (x) does not appear in this result anymore. This implies that the conditions (2), (3) on σ(·) are sufficient for our purposes.
Lemma 29. The Euler-Lagrange equation (132) can be written alternatively as
Proof. Follows by multiplying both sides of (132) with f (t)/σ(S 0 e f (t) )
This reproduces (134). ¿From (134) and the transversality condition f (1) = 0 we have
Integrating over t : (0, 1) this gives
This relation expresses the rate function I(K, S 0 ) in terms of the terminal value of the optimal function f (1) and the Lagrange multiplier λ.
The optimal function f (t), the solution of the variational problem (132), has the following qualitative behavior:
1. f (t) is increasing f (t) > 0 for λ < 0. This case corresponds to K > S 0 . For this case f (1) > 0.
2. f (t) is decreasing f (t) < 0 for λ > 0. This case corresponds to K < S 0 . For this case f (1) < 0.
These properties follow from the Euler-Lagrange equation (132). Integrating this equation over t : (t, 1) and using the transversality condition f (1) = 0 gives
The factors multiplying λ are negative, such that the sign of this expression is opposite to that of λ. The integrand in the constraint (123) satisfies the inequality e f (t) > e f (0) = 1 in the case 1. and e f (t) < e f (0) = 1 in case 2. These two cases correspond to K > S 0 and K < S 0 , respectively. We can use (134) to eliminate f (t) in terms of f (t) as
We will treat the two cases separately. Case 1. K > S 0 . We will show that the rate function is
where f 1 > 0 is the solution of the equation
Proof. First we note that the rate function can be written in two equivalent ways as (144)
The first equality is just equation (137) with f 1 = f (1). The second equality follows by changing the integration variable in the definition of the rate function from t to f (t)
where we used in the second line the relation (139) to eliminate f (t) in the numerator and denominator. We need a second equation for (λ, f 1 ) in order to be able to eliminate λ. This is obtained by writing
Eliminating λ between these equations we get the result (140). Case 2. K < S 0 . We will show that the rate function is
where h 1 = −f (1) > 0 is given by the solution of the equation
Proof. The proof follows the same approach as in the previous case, using the relation (139) to eliminate f (t). The rate function is
A second equation is derived in a similar way to (146) and reads
Eliminating λ between these equations we get the result (147). Equation (148) follows from (137) by writing
and using λ = 1 2 (F (+) (h 1 )) 2 . Proof of Proposition 9. (i) K > S 0 . The condition for the minimum of the function in (26) is
The equation (154) gives the value ϕ 1 at which the function has an extremal value
This is identical to equation (23), with the identification ϕ 1 = e f 1 , and
Substituting the equation (157) into (26) we obtain the rate function
This agrees with the result (19) for the rate function for K ≥ S 0 .
(ii) K < S 0 . The condition for the extremum of the function in (28) reads
where we defined
The equation (159) is the same as the equation (20), with the identification χ 1 = e −h 1 , and G (+) (χ 1 ) = G (+) (h 1 ), F (+) (χ 1 ) = F (+) (h 1 ). Substituting this equation into (28) we obtain the rate function as
which agrees with the result in (19) for K ≤ S 0 .
Proof of Proposition 11. The proof is based on Lemma 30 and Lemma 31. i) K > S 0 . We will use the representation (26) to show that the rate function I(K, S 0 ) is a monotonically increasing function of K for K > S 0 . First we prove that the function (G (−) (ϕ)) 2 satisfies the technical conditions required for f (x) appearing in Lemma 30: it is positive and increasing for ϕ > 1, and has superlinear growth in ϕ as ϕ → ∞. The positivity condition follows from the definition, and the increasing property follows from the positivity of the integral F (−) (ϕ) defined by (156).
We prove next the superlinear growth condition as ϕ → ∞. In the Black-Scholes model the function G (−) (ϕ) can be computed exactly and is given by
For ϕ → ∞ this has the asymptotic expression
We used here the asymptotic expansion of the arctanh function of large argument
The asymptotic expansion (164) shows that (G (−) BS (ϕ)) 2 grows faster than linear as ϕ → ∞. This ensures the existence of a finite solution x * to the equation (173) in the BS model. These results hold also in the general local volatility model with local volatility function σ(S) ≤ σ bounded from above, as this implies a lower bound on the function (G (−) (ϕ)) 2 which has the same growth properties as ϕ → ∞ as those obtained above in the BS model. ii) K < S 0 . Using the representation (28) for the rate function, we have from Lemma 31 that I(K, S 0 ) is a decreasing function of K for 0 < K < S 0 . The function (G (+) (χ)) 2 satisfies the technical conditions for f (x) in Lemma 31: positivity follows from its definition, and the decreasing property for 0 < χ < 1, follows from the positivity of the integral F (+) (χ) defined in (161).
The applicability of Lemma 31 requires also that the infimum in (161) is not reached at the lower boundary. We start by considering first the Black-Scholes model, where the function G (+) (χ) can be computed exactly and is given by
The function F (+) BS (χ) is given by
This has the asymptotic expression as χ → 0
Thus we have
where we used lim χ→0 G (+) BS (χ) = 2 σ < ∞. This implies that the function (G (+) BS (χ)) 2 satisfies the conditions (182) required for f (x) in Lemma 31, which are sufficient to ensure that the infimum is not reached at the lower boundary a. We conclude that the statement of Lemma 31 applies to the BS model. These results hold also in the general local volatility model with local volatility function σ ≤ σ(S) ≤ σ bounded from below and above. The upper bound on σ(S) implies a lower bound for F (+) (χ), and the lower bound on σ(S) implies an upper bound for G (+) (0). Taken together these conditions ensure that the result (169) holds also for the general local volatility model. 
Furthermore, assume that f (x) grows faster than x as x → ∞. Then F (z) is a positive and increasing function
Proof. The condition for the extremum of the function appearing in the definition of F (z) is
Denote the solution of this equation x * . This is given explicitly as
This equation will have a solution for z < x * < ∞ if f (x) grows faster than linear as x → ∞. This ensures that the infimum in (170) is not reached at x → ∞. Substituting into (170) we get
where we used f (x * ) > 0. In order to prove the F (z) > 0 property, we compute the derivative with respect to z
The second equality is obtained by taking a derivative of (173) with respect to z
The inequality (175) proves that F (z) is a monotonically increasing function. Note that we do not need a convexity condition on f (x) to obtain the monotonicity of F (z). If f (x) > 0 then we get additionally that dx * dz > 0, but this is not required for the monotonicity of F (z). 
Assuming that the infimum is not achieved on the boundary at x = a, then F (z) is a positive and decreasing function
We will assume that this equation has a solution for a < x * < z. One possible way to ensure that the infimum is not reached at a is to require
Substituting into (178) we get
Let us prove the F (z) < 0 property. We have
The second equality is obtained by taking a derivative of (181) with respect to z, which gives the same result as in the proof of Lemma 30
The inequality (184) proves that F (z) is a monotonically decreasing function.
Proof of Proposition 12. The variational problem in Proposition 8 simplifies for the case of a constant local volatility function σ(S) = σ, corresponding to the Black-Scholes model. The rate function is given by
where f (t) is the solution of the Euler-Lagrange equation (the constant a is related as a = λσ 2 to the Lagrage multiplier appearing in the proof of Proposition 8)
with boundary conditions
The unknown constant a is determined by the condition
The solution of the differential equation (187) can be found exactly. Two independent solutions of this equation are The solution f 1 (x) of the equation (187) was given in [33] , where the same equation appears in the context of an optimal importance sampling problem for Asian options in continuous time in the Black-Scholes model.
The parameters in these functions are determined by the boundary conditions (188), and by requiring that the functions satisfy the Euler-Lagrange equation (187).
It is easy to check, by direct substitution of (190), (191) into (187), that these functions are solutions of the Euler-Lagrange equation. The boundary condition at x = 0 is satisfied automatically. Matching the constant factor in the Euler-Lagrange equation and requiring that also the boundary condition at x = 1 is satisfied, gives the following constraints.
For f 1 (x) we have the equations
which determine a, γ in terms of β.
For f 2 (x) we have
2ξ tan |ξ + η| = 0,
which give η = −ξ + kπ with k ∈ Z, and determine a in terms of ξ. The multiple solutions for η give the same solution f 2 (x) as we have cos(ξ(x − 1) + kπ) = (−1) k cos(ξ(x − 1)).
The constants ξ, β can be determined from the constraint (189). For the solution (190), this is
which reproduces (32) . This is an equation for β which has solutions only for K > S 0 . For the solution (191) we obtain
For |ξ| ≥ π 2 the integral is divergent. This reproduces (33) , and gives an equation for ξ which has solutions only for K < S 0 . The solution must satisfy ξ ∈ (− π 2 , π 2 ). Note that if ξ * is a solution to (33) in (0, π 2 ), then −ξ * ∈ (− π 2 , 0) is also a solution to (33) which yields the same value of J (K/S 0 ). Therefore, without loss of generality, we can assume that ξ ∈ (0, π 2 ) which has a unique solution to (33) . In conclusion, the solution of the Euler-Lagrange equation (187) By substitution into (200) we get the successive iterations
The asymptotic expansion of the rate function is obtained by substituting into (31) , and expanding to the order shown. This gives the result (36).
(2) K ≤ S 0 . The parameter ξ is obtained by solving the equation (33) . It is clear that as K/S 0 → 0, we have ξ → π/2.
It is convenient to introduce ζ defined as ξ = π 2 − ζ with ζ → 0 in the K/S 0 → 0 limit. This is given by the solution of the equation
This equation can be solved again by iteration starting with ζ (0) = 0. The first two iterations are
Finally, substituting into (31) we obtain (36) .
Proof of Proposition 14. We present the proof on the case K ≥ S 0 , the case K < S 0 is treated in a similar way, and leads to the same final result (37) . For given log-strike x = log(K/S 0 ) ≥ 0, one has to find f 1 by solving the equation (23) , and the rate function is obtained by substituting this value for f 1 into (19) . We note that as x ↓ 0, we have f 1 ↓ 0. Therefore it is reasonable to look for a solution for f 1 by expanding in x around the ATM point x = 0.
It is convenient to introduce the auxiliary variable z 1 such that f 1 = Y (z 1 ), with Y (z) := Z −1 (z) the inverse of the function Z(y) = y 0 dw σ(S 0 e w ) . From the definition it is clear that for x small, z 1 is also small, and they both go to zero simultaneously. The rationale of introducing z 1 is to absorb the dependence on σ(S) in F (−) (f 1 ), G (−) (f 1 ) into a change of the integration variable.
The strategy of the proof will be:
Step 1. Express the equation (23) for f 1 as an equation for z 1 , expanded to a given order in z 1 .
Step 2. Invert the expansion obtained in Step 1 and derive an expansion for z 1 in powers of the log-strike x to a given order.
Step 3. Express the result (19) for the rate function I(K, S 0 ) for K ≥ S 0 as a series in z 1 . Further, use here the expansion for z 1 in powers of x obtained in Step 2.
Step 1. We start by deriving the expansion of the functions G (−) (f 1 ) and F (−) (f 1 ) in powers of z 1 = Z(f 1 ). First we absorb the dependence on the local volatility function σ(S) in the definitions of these functions into a new integration variable z defined such that dz = dy/σ(S 0 e y ). This gives
where Y (z) is the inverse of the function Z(y) = y 0 dw σ(S 0 e w ) , and z 1 = Z(f 1 ). Substituting the Taylor series of Y (z) in (38) , expanding in z, z 1 to a given order, and evaluating the integrals, we get
Next we express the equation (23) giving f 1 in terms of the log-strike x = log(K/S 0 ), as an expansion in z 1 . This is
Recalling that f 1 = Y (z 1 ) = b 1 z 1 + b 2 z 2 1 + · · · , we obtain by substitution on the right-hand side and Taylor expansion in powers of z 1
Step 2. Next we invert the series (212) to get z 1 as an expansion in x can be viewed as a function of σ 2 T . Moreover the result in Carr et al. [6] implies that C (BS) A (S 0 , K, σ 2 T ) is increasing as a function of σ 2 T . Consider first an out-of-the-money Asian call option K > S 0 in the local volatility model (1) and denote its price C A (S 0 , K, T ). We haveC (BS) A (S 0 , K, 0) = 0 and C (BS) A (S 0 , K, σ 2 T ) > 0 for any σ 2 T > 0. We have C A (S 0 , K, T ) =C can be viewed as a function of σ 2 T . This is a strictly increasing function of this argument. We have by definition of the equivalent log-normal volatility C A (S 0 , K, T ) =C (BS) E (S 0 , K, Σ 2 LN T ) where C A (S 0 , K, T ) denotes the price of an Asian call option in the local volatility model (1) .
We proceed analogously to the proof of Proposition 17. Consider first an out-of-themoney Asian call option K > S 0 , for which we have C A (S 0 , K, T ) =C 
